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We theoretically investigate the effects of backscattering and superconducting proximity terms
between the edges of two multi-layer fractional quantum Hall (FQH) systems. While the different
layers are strongly interacting, we assume that tunneling between them is absent. Studying the
boundaries between regions gapped by the two mechanisms in an N-layer system, we find N lo-
calized zero-mode operators realizing a generalized parafermionic algebra. We further propose an
experiment capable of probing imprints of the generalized parafermionic bound states. This is done
by coupling different superconducting contacts to different layers, and examining the periodicity of
the Josephson effect as a function of the various relative superconducting phases. Remarkably, even
if we apply a phase difference between the superconductors in one layer, we induce a Josephson
current at the other layers due to inter-layer interactions. Furthermore, while the Josephson effect
is commonly used to probe only charged degrees of freedom, the possibility of independently con-
trolling the superconducting phase differences between the layers allows us to find imprints of the
neutral modes of the underlying multi-layer system. In particular, we propose two configurations,
one of which is capable of isolating the signal associated with the charge modes, while the other
probes the neutral modes.
PACS numbers: 73.43.-f,74.50.+r,05.30.Pr,71.10.Pm
I. INTRODUCTION
The fractional quantum Hall (FQH) effect [1] was his-
torically the first known realization of topologically or-
dered phases of matter [2, 3]. Similar to the much sim-
pler integer quantum Hall (IQH) states, these remarkable
states generally exhibit gapless edge modes, topologically
protected by the gapped bulk. However, as opposed to
IQH states, the bulk excitations generally carry fractional
charges and anyonic statistics.
Of particular interest are non-Abelian FQH states,
whose bulk excitations are anyons characterized by non-
Abelian braiding statistics. The non-local nature of op-
erations generated by braiding the non-Abelian anyons
makes these states promising candidates as platforms for
quantum information processing. Indeed, it has long
been suspected that the plateaus observed at filling fac-
tors ν = 5/2 and ν = 12/5 are described by the non-
Abelian Moore-Read [4] and k = 3 Read-Rezayi [5]
states, respectively. However, a conclusive experimental
confirmation has yet to be reported [6–18].
The difficulty of finding inherently non-Abelian states
has recently spurred interest in artificial realizations of
non-Abelian anyons using well established components,
such as quantum wires, superconductors, topological in-
sulators, and Abelian quantum Hall states as platforms.
In particular, a tremendous amount of interest was in-
vested in the construction of Majorana zero-modes from
the interplay between spin-orbit coupling, superconduc-
tivity, and a magnetic field in one-dimensional systems
or on the edges of two-dimensional systems [19–27]. Re-
cently, realizations of zero-energy bound states with a
richer non-Abelian braiding statistics were proposed by
coupling the edges of various Abelian FQH states via dif-
ferent mechanisms [28–33]. Alternatively, closely related
states were proposed in clean one-dimensional systems in
the presence of strong interactions [34–36].
Various different experiments capable of detecting sig-
natures of these defects were proposed [28–30, 37]. In
particular, Josephson effect experiments naturally pos-
sess such imprints in the form of unusual periodicities,
reminiscent of the non-local nature of the non-Abelian
anyons. For example, if the edges of two ν = 1 IQH
states are gapped using a superconductor-backscattering-
superconductor (SBS) heterostructure, the Josephson
current is known to be 4π-periodic as a function of the
phase difference between the two superconductors due to
the Majorana zero modes residing on the interfaces. Sim-
ilarly, replacing the IQH states by Laughlin FQH states,
the Josephson current is now 4π ee⋆ -periodic, where e
⋆ is
the minimal fractional charge in the system[29, 30]. This
fact can be seen as a consequence of the parafermion
zero-modes residing on the domain walls.
In this paper, we study the non-Abelian zero modes
resulting from the interplay between multi-layer Abelian
FQH states and superconductivity. Specifically, we fo-
cus on multi-layer systems with strong intra- and inter-
layer interactions, in the absence of inter layer tunnel-
ing. Such a situation is realized, for example, in experi-
2FIG. 1. A schematic depiction of the two double-layer frac-
tional quantum-Hall systems we study. Two superconducting
contacts, denoted by the letter ‘S’, are placed on each layer
(these are indicated by the dark gray regions on the top layer
and the light gray regions on the bottom layer). Between the
two superconductors, the right and left moving edge modes
are coupled by backscattering terms (these are indicated by
the purple region and the letter ‘B’). The notations introduced
in the figure are used throughout the paper: α, β=t, b=1, 2
denote the top and bottom layers in each bilayer, respectively;
I, J=R,L=+1,−1 denote the right and left bilayer systems
(notice that if the positive x direction is defined as indicated
in the figure, their edge modes are right and left movers, re-
spectively). An additional index µ = 1, 2 is used to enumerate
the two superconducting contacts within each layer. For ex-
ample, the first superconducting contact on the top layer is
denoted by Sµα with µ = 1 and α = t (or equivalently, α = 1).
Similarly, the bosonic field describing the left moving mode
on the bottom layer is denoted by φIα with I = L and α = b,
or alternatively φ−1,2.
ments with two twisted graphene layers forming a Moire´
pattern, where the mismatch induced between the layers
suppresses tunneling [38].
As we will demonstrate, by coupling the edges of two
such N -component FQH states in an SBS heterostruc-
ture, one ends up with N zero modes satisfying a gen-
eralized parafermion algebra presented in Eq. (15). For
a general multi-layer system, we find that the ground
state degeneracy associated with this algebra is given by
2N |Det(K)|, where K is the K-matrix [2] of the multi-
layer quantum Hall states. However, fixing the parities
in the two layers reduces the number of accessible states
to 1. We note that in more general situations, where
an array of M SBS junctions are considered, the ground
state degeneracy is given by
(
2N |Det(K)|
)M−1
.
In a specific set of symmetric multi-layer systems, we
show that the generalized parafermion bound states can
be decomposed into multiplications of N conventional
parafermion modes, each of which is non-local and does
not generate zero-energy states individually. We show
that only one of these will be associated with the charge
mode of the underlying FQH state, while the rest result
from neutral modes.
We then turn to study the Josephson effect in our sys-
tem. Similar to single-layer FQH states, we find that a
standard Josephson effect experiment produces a 4π ee⋆ -
periodicity, where e⋆ is now the minimal charge in the
multi-layer system. However, the possibility of realizing
more elaborate configurations in the multi-layer system
allows us to propose a novel Josephson effect experiment
which is capable of probing additional quantum numbers,
related to the neutral degrees of freedom in our system.
We do so by placing different superconducting con-
tacts on different layers. This configuration is richer than
the standard SBS heterostructure, as we now have con-
trol over the various relative phases between any pair
of superconducting contacts. By studying the energy as
a function of the various relative phases, we show that
all the quantum numbers associated with the underlying
FQH state, including those related to the neutral modes,
can be probed. In particular, we propose two relatively
simple configurations: the first is the standard configura-
tion which probes the charge sector (see Fig. 4(a)), while
the second isolates the signal associated with the neutral
modes (see Fig. 4(b)).
Additionally, we find that inter-layer interactions in-
duce a non-local Josephson effect. In particular, by
changing the superconducting phase between the two su-
perconducting contacts within a single layer, a Josephson
current flows through the superconductors in the other
layers.
The outline of this manuscript is as follows: In Sec.
II, we focus on bilayer FQH states (N = 2), and study
the properties of the non-Abelian defects generated in an
SBS heterostructure. In Sec. III, we turn to demonstrate
how the Josephson effect can be used to probe non-trivial
signatures of the resulting generalized parafermions. In
Sec. IV, we extend the arguments presented in the pre-
vious sections to N -layer FQH states. Finally, in Sec. V
we summarize our results and conclude the paper. Some
technical details have been relegated to the appendices.
II. GENERALIZED PARAFERMIONS IN
BILAYER FQH STATES
In this section we demonstrate the emergence of gen-
eralized parafermions in bilayer FQH systems. Later, in
Sec. IV, we extend our results to more general multi-layer
systems.
The system we study in this section is composed of
two identical bilayer FQH systems, whose edges can
backscatter by virtue of their spatial proximity (see Fig.
1). Throughout this work, we refer to the edge modes
propagating in +x (−x) direction as right (left) movers,
and use the notation R (L), or interchangeably, I = 1
(I = −1) to denote them. Assuming the FQH states are
Abelian with a single edge mode per layer, the most gen-
eral low energy field theory describing the edge modes
takes the chiral Luttinger liquid form [39]
S =
∑
I=±1
∫
dxdt
4π
[I ·Kαβ∂tφIα∂xφIβ − Vαβ∂xφIα∂xφIβ ].
(1)
3Here, the fields φIα are the different boson fields, enu-
merated by the chirality index I, and the layer indices
α, β which take the values t, b (where t (b) represents
the top (bottom) layer - see Fig. 1), or interchangeably,
α, β = 1, 2. In addition, K is the 2 × 2 K-matrix. If the
two layers are identical, it is explicitly given by
Kαβ =
(
m l
l m
)
. (2)
Since we focus on Fermionic systems we assume that m
(l) is an odd (even) integer. While the non-universal
matrix V depends on various microscopic details such as
the form of interactions and confining potential, it must
generally be positive definite.
The commutation relations of the chiral bosonic fields
are given by
[φIα(x), φIβ(x
′)] = iIπK−1αβ sgn(x − x
′)− πσyαβ (3)
[φRα(x), φLβ(x
′)] = iπK−1αβ − πσ
y
αβ , (4)
where σy is the second Pauli-matrix. Within the bosonic
edge theory, the electronic operators are given by vertex
operators
ΨRα ≡ e
iKαβφRβ (5)
ΨLα ≡ e
−iKαβφLβ , (6)
where repeated indices are summed over.
So far, the edge theory did not include coupling be-
tween the right and left bilayer systems. In what follows,
we will introduce two such terms. To be specific, we will
consider the effects of backscattering terms, and terms
arising from proximity to an s-wave superconductor. We
note that even if all the layers have parallel spins, an s-
wave superconductor with strong spin orbit coupling can
give rise to processes in which a Cooper-pair from the
superconductor split between the layers.
For the purpose of generating non-Abelian defects, we
separate the edges into the three regions shown in Fig.
1: the first and last regions, denoted by the letter ‘S’, are
gapped by proximity coupling to an s-wave superconduc-
tor (indicated by the light and dark gray regions), while
middle region, denoted by ‘B’, is gapped by backscatter-
ing terms (indicated by the purple region). We use the
index µ = 1, 2 to label the two S-regions (see Fig. 1).
For later use, it will prove useful to study a configuration
in which distinct superconducting contacts are placed on
different layers. To be specific, the S-terms are gener-
ated using 4 superconducting contacts - 2 for each layer
- denoted by Sµα.
This SBS configuration described above is useful for
two reasons: (i) Each interface will be shown to give
rise to non-trivial protected non-Abelian zero modes,
which constitute a generalization of the well studied
parafermion zero-modes. (ii) The B-region may serve
as a weak link between the different superconductors,
prompting us to use the Josephson effect for detecting
the generalized parafermion zero modes. As we will see in
Sec. III, the possibility of placing distinct superconduct-
ing contacts on different layers provides us with a large
degree of tunability, which in turn allows us to probe
all the quantum numbers associated with the generalized
parafermions and underlying FQH state.
Due to the symmetry between the two layers, the most
relevant superconducting term we can write takes the
form
HS =
∫
dx∆(x)
∑
α
ΨRαΨLα + h.c.
= 2
∫
dx∆(x)
∑
α
cos[2Kαβθβ ], (7)
where ∆ is the amplitude of the superconducting term,
and we have defined
ϕα ≡
φRα + φLα
2
, θα ≡
φRα − φLα
2
. (8)
Similarly, we write the backscattering terms in the form
HB =
∫
dxt(x)
∑
α
Ψ†RαΨLα + h.c.
= 2
∫
dxt(x)
∑
α
cos[2Kαβϕβ ], (9)
where t is the backscattering amplitude.
Notice that due to the absence of direct tunneling be-
tween the top and bottom layers, the coupling between
them is manifested only through the off-diagonal element
of the K-matrix and the interaction matrix V .
The only non-vanishing commutation relations of the
fields in Eq. (8) take the form
[ϕα(x), θβ(x
′)] = iπK−1αβΘ(x− x
′), (10)
[ϕα(x), ϕβ(x
′)] = −πσyαβ . (11)
We note that the commutation relation presented in Eq.
(11) results from Klein factors.
In what follows, we assume ∆ and t are negative and
large enough such that θα or ϕα are pinned to one of the
minima of cosine potential in the corresponding regions:
S regions: K~θ = π~nS (12)
B region: K~ϕ = π~nB, (13)
where ~θ ≡ (θt, θb), ~ϕ ≡ (ϕt, ϕb) and ~nS and ~nB are vec-
tors of integer-valued operators. We can clearly describe
our ground state manifold using the operators nB,α, nS,α.
However, we emphasize that due to Eq. (10), these op-
erators do not commute. In particular, the sectors with
α 6= β are not decoupled.
We define following operators at the interfaces between
4the S and B regions:
γα(µ) ≡ lim
ε→+0
exp
[
i
(
θα(xµ ∓ ε) + ϕα(xµ ± ε)
)]
.
(µ = 1, 2, α = t, b) (14)
Here, µ labels the interfaces between the corresponding
S-regions and B (see Fig. 1), and xµ is the position of
the interface (we note that the upper (lower) signs cor-
respond to µ = 1(2)).
FIG. 2. An asymmetric configuration in which the B-region
of the bottom layer overlaps with the S2t region in the top
layer. We find that despite the asymmetry between the lay-
ers, the two zero-mode operators corresponding to different
layers are located in the same position. Specifically, we find
that depending on whether ∆ or t dominate, the generalized
parafermions are located at x2 or x
′
2. This demonstrates the
stability of the generalized parafermionic algebra.
These operators are zero modes as they commute with
cosine terms appearing in Eqs. (7) and (9). This can
most simply be seen by observing that they translate
the arguments of the cosines by integer multiples of 2π.
Furthermore, using the commutation relations given in
Eqs. (10) and (11), we obtain the algebra
γα(1)γβ(2) = γβ(2)γα(1)e
iK−1αβπ+σ
y
αβπ.
γα(µ)γβ(µ) = γβ(µ)γα(µ)e
σy
αβ
π (15)
This relations constitute a generalized parafermionic al-
gebra.
The algebra of the zero modes γα(µ), together with the
quantum numbers they carry imply that these are noth-
ing but the projection of the local quasiparticle operators
near the interfaces, onto the ground state manifold of the
cosine terms.
It is illuminating to study the invariance of the algebra
given in Eq. (15) with respect to asymmetry between the
layers. For instance, we can argue that the generalized
parafermionic algebra is robust by considering a config-
uration where the B region in the bottom layer is longer
than its counterpart at the top layer, as portrayed in
Fig. 2. To be specific, the µ = 2 interface on the bottom
(top) layer is located in x2 (x
′
2), with x
′
2 > x2. In this
geometry, there is an overlap between the B region at the
bottom layer and the superconducting region S2t at the
top layer. Naively, in this configuration it seems that the
zero modes associated with the two layers are not located
one above the other. As we discuss below, this is not the
case, and the generalized parafermions are indeed robust
to the asymmetry between the layers.
Due to the off-diagonal elements in the K-matrix, the
arguments of the overlapping backscattering and super-
conducting terms do not commute. Therefore, the argu-
ments of the two cosine terms cannot be pinned simul-
taneously. We independently study the two regimes in
which the system is gapped: First, if t is large enough
such that it flows to the strong coupling limit, ∆ scales
down to zero in the region x2 < x < x
′
2. In the absence of
a superconducting term, the gap caused by the backscat-
tering term in the top layer now extends to x′2. Clearly,
the generalized parafermions will now be located at x′2.
If, on the other hand, ∆ is large, the backscattering term
flows to zero in the region x2 < x < x
′
2. In this case,
the generalized parafermions are found at x2. The above
arguments indicate that the two zero mode operators as-
sociated with the two layers are not spatially separated,
making the generalized parafermionic algebra stable to
asymmetry between the layers.
Based on the above, we find that our system
supports localized generalized parafermion zero-modes,
which satisfy richer exchange statistics compared to the
parafermion modes found in single component (Laughlin-
like) quantum Hall states [28, 29]. In what follows we
calculate the ground state degeneracy resulting from the
above generalized parafermionic algebra.
To do so, we construct eigenstates of the gauge invari-
ant operator ζα = γ
†
α(2)γα(1). Since [ζt, ζb] = 0, we can
simultaneously diagonalize ζt and ζb. We note that in
the simple case in which the layers are decoupled and
each is in an IQH state (i.e., the K-matrix is simply the
identity matrix), the ζα operators represent the parity of
the two Majorana fermions in the corresponding layers.
Similar to the Majorana case, the eigenstates of ζα span
the ground state manifold.
To find the number of ground states which are simul-
taneous eigenstates of ζt and ζb, we start by taking an
arbitrary eigenstate |λt, λb〉, such that
ζα |λt, λb〉 = λα |λt, λb〉 . (16)
We can now define a new set of ground states according
to (γt(1))
pt(γb(1))
pb |λt, λb〉, where pb and pt are integers.
Using the generalized parafermionic algebra shown in
5FIG. 3. The geometrical picture we use to show that the
ground state degeneracy is given by 4 det(K) in the bilayer
case. Here we set m = 3 and l = 2. Different points rep-
resent different ~p-vectors, used to parameterize the eigenval-
ues of the ζ-operators. We end up with an enlarged lattice
structure, whose unit cell (blue region) contains the ~p-vectors
which generate independent ground states. The correspond-
ing independent ground states are denoted by circled lattice
points. The area of the enlarged unit cell is equal to the
ground state degeneracy.
Eq. (15), one finds that
ζα(γt(1))
pt(γb(1))
pb |λt, λb〉
= λαe
iπK−1αβpβ (γt(1))
pt(γb(1))
pb |λt, λb〉 . (17)
We can therefore label the above states by∣∣∣λteiπK−11β pβ , λbeiπK−12β pβ〉 = (γt(1))pt(γb(1))pb |λt, λb〉 .
(18)
Assuming there are no additional quantum numbers
describing the ground states, the number of distinct
pairs of eigenvalues
(
λte
iπK−1
1β pβ , λbe
iπK−1
2β pβ
)
gives us
the ground state degeneracy.
The form of the pairs of eigenvalues ensures that if
~p = (pt, pb) and ~p′ = (p
′
t, p
′
b) are distinct two dimensional
integer valued vectors related by ~p′ = ~p+2K~q, where ~q is
an integer valued vector, they represent identical ground
states. This equivalence relation can be visualized geo-
metrically. First we note that the set of all integer valued
vectors ~p form a two-dimensional square lattice (see Fig.
3). However, in our geometrical picture two lattice sites
are considered equivalent only if they represent identical
ground states. Therefore, we have a lattice structure with
an enlarged unit cell, and the ground state degeneracy is
given by the number of sites within a unit cell.
Noting that the unit cell of the underlying square lat-
tice is of area 1, the number of elements within the en-
larged unit cell is given by its area, which in turn is given
by the area of parallelogram generated by the two prim-
itive lattice vectors.
According to the equivalence relation ~p ∼ ~p + 2K~q,
the two primitive lattice vectors are given by 2K~e1 =
(2m, 2l)T and 2K~e2 = (2l, 2m)
T , where ~e1 = (1, 0)
T and
~e1 = (0, 1)
T (See Fig. 3). The area of the corresponding
parallelogram is given by 4| det[K]|, showing that we get
4| det[K]|-fold ground state degeneracy. For example, in
the simple case m = 3, l = 2, shown in Fig. 3, we get a
20-fold ground state degeneracy. As we will see, a similar
result applies beyond the bilayer case: for N layers, the
ground state degeneracy is given by 2N | det[K]|, where
K is now an N ×N matrix.
However, assuming that the state of the bulk is given,
and recalling that tunneling between the layers is absent,
the parities ζα are fixed. Working in such a physical sec-
tor, the degeneracy is reduced from 2N | det[K]| to 1. This
is correct, however, only for a single SBS-junction. If an
array ofM junctions is considered, only the total parities
of the two layers, given by a multiplication of ζα over the
different junctions, are constrained. The degeneracy is
therefore given by
(
2N | det[K]|
)M−1
.
In the next section it will be useful to decompose the
generalized parafermions into a multiplication of conven-
tional parafermion operators, for which the K-matrix in
Eq. (15) is diagonal. This is done by writing
γt(µ) = ηc(µ)ηn(µ),
γb(µ) = ηc(µ)η
†
n(µ), (19)
with
ηc/n(µ) = lim
ε→+0
exp
[ i
2
(
θc/n(xµ ∓ ε) + ϕc/n(xµ ± ε)
)]
,
(20)
and θc/n ≡ θt±θb, ϕc/n ≡ ϕt±ϕb. Notice that in the new
basis, labeled by c/n, we have two independent sectors
of the Hilbert space, generated by the two commuting
canonical conjugate pairs, {ϕc, θc}, {ϕn, θn}. These cor-
respond to the charged and neutral excitations, respec-
tively.
The charge and neutral fields satisfy the commutation
relations
[ϕc(x), θc(y)] =
2πi
m+ l
Θ(x− y) (21)
[ϕn(x), θn(y)] =
2πi
m− l
Θ(x− y), (22)
indicating that the operator ηc/n(µ) represent conven-
tional parafermion operators, akin to the operators found
in single-layer systems. It is, however, important to
emphasize that while it is convenient to write the γ-
operators in terms of the simpler η-operators, the latter
are non-local and do not generate zero-energy modes. To
6be exact, if the η operators act individually on the co-
sine terms in Eqs. (7) and (9), they generate high energy
excitations.
As we saw above, when two identical bilayer FQH sys-
tems are coupled via an SBS junction, we get generalized
parafermion zero-modes. In what follows, we devise a
Josephson effect experiment which is capable of probing
signatures of these modes.
III. IMPRINTS OF THE GENERALIZED
PARAFERMION MODES USING THE
JOSEPHSON EFFECT
We are now in a position to discuss the Josephson effect
through the SBS heterostructure studied in the previous
section. Similar to the single-component quantum Hall
case, the periodicity of the Josephson effect is expected
to provide imprints of the non-Abelian zero modes found
at the interfaces. As we will show, the bilayer system
provides us with a larger degree of tunability as the su-
perconducting phases of each layer can in principle be
controlled independently.
The relative phases between any two superconducting
contacts can be controlled by connecting them with a su-
perconducting wire, through which a magnetic flux can
be threaded. We denote the phase of the superconduct-
ing contact Sµα as δµα. We wish to calculate the de-
pendence of the energy on the relative phases between
the two superconductors in each layer. We note that in
principle one should take the relative phases between dif-
ferent layers into account. However, as we exclude tun-
neling between the different layers, these will not affect
the energy of the system (we note that the inter-layer in-
teraction terms conserve the charge of the various layers,
and are therefore not affected by such phases).
To understand how these physical phases enter the low
energy theory described in Eqs. (1), (7), and (9), it is
desirable to make a connection between the microscopic
degrees of freedom, in terms of which the physical phases
are defined, to the low-energy ones. Such a connection
is made possible within the coupled wires approach [40–
60], in which one decomposes the double-layer system
into an array of coupled wires. This approach generally
provides us with analytically tractable microscopic mod-
els for fractional phases. In our case, we use the resulting
microscopic model to demonstrate that the physical su-
perconducting phases between the various contacts enter
the low energy Hamiltonian as (see Appendix B)
HS = ∆
∑
α=t,b
[∫
x<xµ=1
dxeiδ1αΨRαΨLα
+
∫
x>xµ=2
dxeiδ2αΨRαΨLα
]
+ h.c., (23)
where xµ denotes the location of the interface labeled by
µ. It is useful to define the phase difference between the
two superconducting phases on each layer as δα ≡ δ2α −
δ1α. Without affecting the energy, we can set δ1α = 0,
and thus δα = δ2α.
In terms of the bosonic degrees of freedom, Eq. (23)
takes the form
HS = 2∆
∑
α=t,b
[∫
x<xµ=1
cos[2Kαβθβ ]
+
∫
x>xµ=2
cos[2Kαβθβ + δα]
]
. (24)
The additional phases δα may be eliminated by modi-
fying the operators θα in the region x > xµ=2 according
to θα → θα + K
−1
αβ
δβ
2 . This, however, alters the gen-
eralized parafermion operators (Eq. 14) on the second
interface.
The change of the generalized parafermionic operators
affects the terms coupling different zero-mode operators.
If such terms are considered, the ground state degeneracy
is generally lifted. As we will see below, the energy of
the resulting non-degenerate states now depends on the
superconducting phases, leading to non-trivial Josephson
currents jα =
∂EGS
∂δα
in the two layers. To be explicit, the
leading coupling terms are given by
H = Γ
[
γ†t(2)γt(1)e
−i
K
−1
1β
δβ
2 + γ†b(2)γb(1)e
−i
K
−1
2β
δβ
2
]
+ h.c..
(25)
As such terms are generated by tunneling of quasiparti-
cles across the B-region, the energy scale Γ is propor-
tional to the corresponding amplitude. We note that
higher order terms, containing more than two γ-operators
can also be considered. Such terms are, however, gener-
ated by tunneling of two or more quasiparticles, and are
therefore expected to have smaller amplitudes. More-
over, they provide smaller periodicities. In addition, no-
tice that there are no coupling terms between zero-modes
whose layer indices are different, as these are generated
by quasiparticle tunneling between the layers, which is
assumed to be absent.
The above low energy Hamiltonian has an explicit de-
pendence on ~δ = (δt, δb), from which we can find the
Josephson currents. Notice that the Hamiltonian is writ-
ten in terms of the commuting operators ζα, defined in
the previous section. As these can be diagonalized simul-
taneously, we immediately write the energy spectrum as
E~p(~δ) = 2Γ
∑
α
λα cos
[
K−1αβ
(
πpβ −
δβ
2
)]
. (26)
Remarkably, we find that even if we apply a phase
difference between the superconducting contacts on one
of the layers, we induce a Josephson current on the other
7(a) (b)
FIG. 4. In order to perform Josephson effect experiments, the two superconducting contacts on each layer are connected
by a superconducting wire, through which a magnetic flux can be threaded. The magnetic flux controls the phase difference
between the different superconductors. In the configuration shown in (a), the phase differences in the top and bottom layers
satisfy δt = δb. In this situation, we can only detect signatures of the charged degrees of freedom. In the configuration shown
in (b), on the other hand, the phase differences in the top and bottom layers satisfy δt = −δb. This configuration isolates the
signatures associated with the neutral degrees of freedom.
layer due to the off-diagonal elements of K-matrix. This
non-local Josephson effect is a direct consequence of the
strong inter-layer interactions.
Taking, without loss of generality, λα = 1, we can write
E~p(~δ) = 4Γ cos
[
2πp+ − δ+
2 (m+ l)
]
cos
[
2πp− − δ−
2 (m− l)
]
(27)
with p± =
pt±pb
2 and δ± =
δt±δb
2 . In the simple case
m = 3, l = 2, for example, we have 20 distinct vectors
~p, as shown in Fig. 3. The dependence of E~p=0 on the
phases δ+ and δ− is depicted in Fig. 5.
It is evident that the above energy dependence shows
non-trivial periodicities. To see this explicitly, it is help-
ful to examine two special situations:
(i) δt = δb = δ+: A realization of this situation is
shown in Fig. 4(a). In this case, the energy becomes
4Γ− cos
[
ω+ −
δ+
2(m+l)
]
, with Γ± = Γcos[ω±], and ω± =
πp±
m±l . By sweeping δ+, we obtain a 4(m + l)π-periodic
Josephson effect. Notice that m + l can be written as
e/e⋆, where e⋆ is the minimal fractional charge in the bi-
layer system, which is generally given by e⋆/e = ~lTK−1~q
with ~l = (1, 0)
T
, ~q = (1, 1)
T
for a symmetric double-
layer system. This shows that the periodicity is given by
4πe/e⋆.
(ii)δt = −δb = δ−: The configuration realizing this
situation is illustrated in Fig. 4(b) (notice the opposite
orientations of the two loops). The energy now becomes
4Γ+ cos
[
ω− −
δ−
2(m−l)
]
, leading to a 4(m− l)π periodicity
as a function of δ−.
For the simple case m = 3 and l = 2, we obtain a 20π-
periodicity in δ+ and a 4π-periodicity in δ−, as depicted
in Fig. 5.
We now argue that the periodicities in situations (i)
and (ii) can be interpreted as imprints of the charged and
neutral degrees of freedom in our theory, respectively. To
see this, we first note that the superconducting terms in
the regions x > xµ=2 can be written as
4∆
∫
dx cos [(m+ l)θc + δ+] cos [(m− l)θn + δ−] .(28)
In case (i), we see that only the charge sector is af-
fected by the introduction of the relative superconducting
phases. It is therefore evident that the only component
of γα(µ) altered by δ+ is the operator ηc(µ), defined in
Eqs. (19) and (20). As the latter represents a regular
parafermion operator associated with the charge sector,
we find that the periodicity is given by 4πe/e⋆. On the
other hand, in case (ii) only the neutral sector is affected
by the superconducting phase difference. We therefore
find that δ− alters the parafermion ηn(µ), associated with
the neutral modes. Remarkably, configuration (ii), which
is special to the bilayer case, enables us to detect signa-
tures of the neutral modes.
We have shown in this section that the above two ex-
periments isolate the signals associated with the charge
and neutral sectors in our theory. In particular, by mea-
suring the two types of periodicities studied above, one
can measure all of the integers that characterize the gen-
eralized parafermion modes and bilayer FQH state (in
our case, these are l and m). As we will show in the next
section, this remains correct for multi-layer FQH states
8with more than two layers.
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FIG. 5. The energy of the ground state characterized by ~p = 0
(in units of Γ) as a function of the two phases δ± =
δt±δb
2
for
the bilayer case with m = 3, l = 2. We find that the energy
is 4(m + l)π = 20π-periodic (4(m − l)π = 4π-periodic) as a
function of the phase δ+ (δ−), which affects only the charge
(neutral) sector of the theory.
IV. GENERALIZATION TO N LAYERS
In this section, we generalize the analysis presented in
the previous sections to general multi-layer FQH systems.
To do so, we prepare two copies of N -layer FQH states
in the SBS configuration discussed above.
The low-energy description of the edges is given by
Eq. (1), where K is now an N × N integer-valued K-
matrix. Following the arguments presented in the previ-
ous sections, we get N zero-mode operators γα(µ) at the
interfaces between the superconducting and backscatter-
ing regions. As expected, we obtain the same algebra
as Eq. (15), where now the indices α, β take the val-
ues α, β = 1, ..., N and σyα,β → −isgn(β − α). Fur-
thermore, following the geometric arguments presented
for the double-layer case, we find that the ground state
degeneracy generated by the generalized parafermionic
algebra is generally given by 2N | det[K]|. To be ex-
act, working in a physical sector in which the parity
in each layer is conserved, the degeneracy is given by(
2N | det[K]|
)M−1
, where M is the number of SBS junc-
tions.
As in the double-layer case, one can also study the
imprints of the above generalized parafermions through
the periodicity of the Josephson effect. As before, we
consider a situation in which different superconducting
contacts are placed on different layers, and the relative
superconducting phases on the various layers are con-
trolled independently. Similar to the previous section,
the terms coupling different zero-modes across the junc-
tion now take the form
H = Γ
N∑
α=1
[
γ†α(2)γα(1)e
−i
~eTαK
−1~δ
2
]
+ h.c., (29)
where ~δ is now an N -dimensional vector containing the
phase differences on the various layers, and the vectors
~eα, whose elements are (eα)β = δαβ , form an orthonormal
basis in N -dimensional space.
In what follows, we focus on symmetric multi-layer sys-
tems, i.e., systems in which the K-matrix is unaffected
by the exchange of any two layers. To be more specific,
we take a K-matrix of the symmetric form
Kαβ = mδαβ + l(1− δαβ). (30)
If we first set δ1 = δ2 = · · · = δN = δ+, Eq. (29)
becomes
H = Γ
N∑
α=1
[
γ†α(2)γα(1)e
−i
~eTαK
−1 ~Q
2
δ+
]
+ h.c., (31)
where we have introduced the charge vector, ~Q =
(1, 1, ..., 1)
T
.
If the N -layers are symmetric, the expression
~eαK
−1 ~Q = 1/(m + l(N − 1)) is independent of α and
is generally given by e
⋆
e , where e
⋆ is the minimal charge
in the multi-layer system. In this case, the periodicity of
Josephson effect coincides with 4π ee⋆ , as we saw in the
single layer and bilayer cases.
Similar to the bilayer case, to detect imprints of the
neutral modes, we choose the simple configuration δ1 =
−δ2 = δ−, δ3 = · · · = δN = 0. By varying δ−, we can
find that the periodicity of Josephson effect is now given
by 4(m− l)π (see Appendix B).
To better understand the connection between the
above periodicities and the underlying charge and neutral
modes, one can decompose the generalized parafermion
operators into a multiplication of conventional ones (see
Appendix B). Each conventional parafermion acts on the
charge or one of the neutral sectors. We show in Ap-
pendix B that the phase δ+ affects only the parafermion
associated with the charge sector, while if
∑
α δα = 0,
only the parafermions associated with the neutral modes
are affected by the superconducting phases.
V. CONCLUSIONS
In this work we study the emergence of general-
ized parafermions in multi-layer FQH states. We did
so using the well-known SBS configuration, previously
used to generate Majorana fermions or conventional
parafermions in single layer systems. We further exam-
ined the situation in which distinct superconducting con-
tacts are placed on different layers. In this case, one can
9control the various relative phases, and independently
measure the corresponding Josephson currents. This
opens the door to novel Josephson effect experiments,
through which various distinct properties of the gener-
alized parafermions and the underlying multi-layer FQH
states can be measured.
In particular, we demonstrated that the existence
of off-diagonal K-matrix elements leads to a non-local
Josephson effect in which the phase difference on one
layer induces a Josephson current on the other layers.
Furthermore, in symmetric multi-layer systems, we pro-
pose specific configurations in which the periodicity of the
Josephson effect provides imprints of the neutral modes
of the underlying FQH state, which are commonly inac-
cessible in Josephson effect experiments.
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Appendix A: A microscopic model using
coupled-wires
In this appendix, we present a coupled-wires construc-
tion of the multi-layer FQH states studied in main text.
Using this microscopic model, we make a connection be-
tween the physical superconducting phases, defined in
terms of the microscopic degrees of freedom, and those
entering the low energy Hamiltonian studied in the main
text. We will start by briefly reviewing the coupled-
wire approach for single component FQH states. We will
then generalize the approach to symmetric multi-layer
FQH states. Finally, we will use the resulting model to
show that the phases applied between the superconduct-
ing contacts coincide with those appearing in the low
energy Hamiltonian studied in the main text.
1. IQHE states
In the coupled-wires approach, we decompose the 2D
quantum Hall system into an array of M coupled wires.
We work in a convention in which the wires are point-
ing in the x direction and the magnetic field is pointing in
the z direction. If we choose a gauge in which the vector
potential A also points in the xˆ direction, kx is a good
quantum number. The energy spectrum as a function of
kx is composed of shifted parabolas (see Refs. [40, 41]).
To be specific, the energy spectrum of wire number j is
given by
Ej(kx) =
(kx − 2kφj)
2
2m
, (A1)
where we have defined 2kφ as the shift of two adjacent
parabolas due to the magnetic field. We define k0F as the
Fermi-momenta in the absence of an external magnetic
field .
Using bosonization, we write the low energy physics in
terms of 2M chiral boson fields ΦjR/L, such that
ψjR/L ∝ e
i
(
Φj
R/L
+kj
R/L
x
)
, (A2)
where ψjR/L is the fermion annihilation operator of the
right/left moving component of wire number j, kjR/L is
the corresponding Fermi-momentum.
Within this construction, the filling factor is given by
ν =
k0F
kφ
. (A3)
Fixing the filling factor ν, the Fermi momenta take the
form
kjR/L = kφ (2j ± ν) . (A4)
In what follows we identify quantum Hall states by
finding a set of mutually commuting terms that con-
serve momentum, and can therefore acquire an expecta-
tion value and completely gap out the bulk in the strong
coupling limit. By an analysis of the decoupled modes
remaining on the edges, one is able to identify many QHE
states [40, 41].
The simplest case is ν = 1, which corresponds to the
case where adjacent parabolas cross at the chemical po-
tential (i.e., kjR = k
j+1
L ). We see that simple tunneling
operators between the wires conserve momentum, and
can therefore gap out the spectrum, leaving a single free
chiral mode on each edge. To be specific, the terms we
consider are
M−1∑
j=1
cos
(
ΦjR − Φ
j+1
L
)
. (A5)
We see that the two modes φL,1 and φR,M remain free.
These fields correspond to the chiral edge modes of the
ν = 1 case.
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2. Single component FQH states
Using a similar approach, we can write models for the
Laughlin states at filling ν = 1/m, where m is an odd
integer.
As opposed to the integer case, multi-electron pro-
cesses are required in order to form a set of commuting
terms which conserve momentum. In order to identify
this set of terms, it is convenient to define the new set of
chiral fields
Φ˜jR/L =
m+ 1
2
ΦjR/L +
1−m
2
ΦjL/R. (A6)
The mapping is accompanied by a transformation of the
momenta
qjR/L =
m+ 1
2
kjR/L +
1−m
2
kjL/R. (A7)
It can now be checked that the transformed momenta
q are satisfy the momentum structure presented in Eq
(A4) with ν = 1. We can therefore repeat the analysis
of the ν = 1 case in terms of the transformed fields, and
write operators of the form
M−1∑
j=1
cos
(
Φ˜jR − Φ˜
j+1
L
)
(A8)
which conserve momentum and can gap out the bulk in
the strong coupling limit.
The above terms leave the two fields Φ˜1L, Φ˜
M
R decou-
pled. These fields, localized on the edge, satisfy the chi-
ral Luttinger liquid structure of the Laughlin-edge modes
(notice that as the fields are localized on the edges, we
omit the wire index):[
Φ˜I(x), ∂Φ˜I(x
′)
]
= 2πimIδ(x− x′). (A9)
Here, we have introduced the index I = R/L, or inter-
changeably, I = ±1.
To make contact with the conventional notations, we
define the fields
φI = I
Φ˜I
m
, (A10)
which satisfy
[φI(x), ∂φI(x
′)] = I
2πi
m
δ(x− x′).
In terms of these, the fermion operators take the form
ψ˜ = eiImφ.
As we saw above, the analysis of the ν = 1/3 state was
reduced to that of the ν = 1 state through the transfor-
mation (A6). In what follows we turn to study multi-
layer systems at fractional filling factors. As we will see,
the analysis of such systems can be reduced to the anal-
ysis of non-interacting multi-layer systems with ν = N .
3. Symmetric multi-layer FQH states
We now turn to study Abelian N-layer states, described
by an N ×N K-matrix with odd diagonal elements and
even off diagonal elements. We focus on symmetric multi-
layer systems with
Kαβ = mδαβ + l(1− δαβ). (A11)
Within the coupled-wires approach, we therefore have N
layers, each containing M wires. For our purpose we will
focus on a multi-layer system, yet a similar analysis can
be applied to single layer hierarchical systems.
The charge vector Q in this case is a vector of di-
mension N with all entries equal 1. The filling factor is
generally given by
ν = QTK−1Q. (A12)
However, as this is the filling factor of the whole sys-
tem, each layer has a filling factor of the form νlayer =
1
NQ
TK−1Q. We denote the chiral boson fields as Φj,lR/L,
where j = 1 . . .M , and l = 1 . . .N .
The associated Fermi momenta take the form kj,lR/L =
kφ (2j ± νlayer) (notice that the momenta are indepen-
dent of l). For convenience, we define N -dimensional
vectors containing the N chiral fields for each value of j:
−→
Φ
j
R/L =


Φj,1R/L
Φj,2R/L
...
Φj,NR/L

 . (A13)
To follow the same approach we used in the single layer
case, we would like to map this state to a multi-layer
state whose filling is ν = N . This is done by a simple
generalization of Eq. (A6):
−→
Φ˜ jR/L =
K + 1
2
−→
Φ jR/L +
1−K
2
−→
Φ jL/R. (A14)
In terms of these fields the momentum structure indeed
corresponds to a multi-layer state with filling N . There-
fore, terms of the form∑
j
cos
(
Φ˜j,lR − Φ˜
j+1,l
L
)
(A15)
gap out the bulk in the strong coupling limit. The fields
−→
Φ˜ 1L and
−→
Φ˜MR remain decoupled, and satisfy the commu-
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tation relations[
Φ˜αI (x), ∂Φ˜
β
I (x
′)
]
= 2iπIKαβδ(x− x
′), (A16)
with I = R/L (or ±1) (notice that we have again omitted
the index j). These are the low energy degrees of freedom
defining the edge theory of our Abelian multi-layer state.
As the above fields all carry a charge of 1, the N elec-
tron operators on the edge take the form
ΨIα = e
iΦ˜αI . (A17)
To make contact with more conventional notations, we
can define the fields φ as
φIα = IK
−1
αβ Φ˜
β
I .
These fields satisfy the commutation relations
[φIα(x), ∂φIβ(x
′)] = 2iπIK−1αβ δ(x − x
′),
similar to the low energy degrees of freedom used in the
main text. In terms of these, the electron operator is
ΨIα = e
iIKαβφIβ .
4. The effects of the superconducting phases on
the low-energy physics
The terms we are writing in Sec. III, in the presence of
relative superconducting phases, take the general form
∆
∑
α
ΨRαΨLαe
iδ˜α + h.c.
We would like to find the connection between phases
δ˜ and the physical phases δ applied between the super-
conducting contacts connected to the various layers (see
Fig. 4). In terms of the microscopic Φ edge degrees of
freedom, which are indeed localized on the correspond-
ing layers, we can introduce the physical superconducting
phases in the form
Φ1,αL (x)→ Φ
1,α
L (x) + δα(x)/2
Φ1,αR (x)→ Φ
1,α
R (x) + δα(x)/2,
in each superconducting region. Defining a vector ~δ con-
taining the various superconducting phases, and using
the transformation shown in Eq. (A14), we get that the
Φ˜ fields transform as
~˜Φ→ ~˜Φ+ ~δ/2.
This shows that the physical phases δα coincide with
the phases δ˜α appearing in the low energy Hamiltonian
(Eq. (23)).
Appendix B: Decomposition to charged and neutral
degrees of freedom in the N-layer case
In this appendix, we decompose the zero mode opera-
tors γα(µ) (α = 1, · · · , N, µ = 1, 2), found for symmetric
N -layer systems in Sec. III, into a multiplication of con-
ventional parafermionic operators (i.e., operators satisfy-
ing the generalized parafermionic algebra shown in Eq.
(15) with a diagonal K-matrix). Similar to the bilayer
case, these will be associated with the charge and neutral
degrees of freedom, respectively. To do this, we rewrite
γα(µ) as
γ1(µ) = ηc(µ)ηn1(µ)ηn2(µ) · · · ηnN−1(µ)
γ2(µ) = ηc(µ)η
†
n1(µ)ηn2(µ) · · · ηnN−1(µ)
γ3(µ) = ηc(µ)η
0
n1(µ)(η
†
n2(k))
2 · · · ηnN−1(µ)
...
γN(µ) = ηc(µ)η
0
n1(µ)η
0
n2(µ) · · ·
(
η†nN−1(µ)
)N−1
, (B1)
where
ηc(µ) = lim
ε→+0
exp
[ i
N
(
θc(xµ ∓ ε) + ϕc(xµ ± ε)
)]
,
ηnq(µ) = lim
ε→+0
exp
[ i
(q + 1)q
(
θnq(xµ ∓ ε) + ϕnq(xµ ± ε)
)]
,
(q = 1, · · · , N − 1) (B2)
with

θc
θn1
θn2
...
θn(N−1)

 = U


θ1
θ2
θ3
...
θN

 ;


ϕc
ϕn1
ϕn2
...
ϕn(N−1)

 = U


ϕ1
ϕ2
ϕ3
...
ϕN


(B3)
and
U =


1 1 1 1 · · · 1
1 −1 0 0 · · · 0
1 1 −2 0 · · · 0
1 1 1 −3 · · · 0
...
...
...
...
...
...
1 1 1 1 · · · −(N − 1)


. (B4)
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Written explicitly, the transformation takes the form:
θc = θ1 + θ2 + · · ·+ θN ,
ϕc = ϕ1 + ϕ2 + · · ·+ ϕN ,
θnq = θ1 + · · ·+ θq − qθq+1,
ϕnq = ϕ1 + · · ·+ ϕq − qϕq+1
(q = 1, · · · , N − 1). (B5)
Recalling the commutation relations given in Eq. (10),
and noting that the transformation U diagonalizes the
K-matrix (Eq. (30)), we find that the new fields satisfy
the commutation relations
[ϕc(x), θc(x
′)] =
iNπ
m+ (N − 1)l
Θ(x− x′) (B6)
[ϕnq(x), θnq(x
′)] =
iq(q + 1)π
m− l
Θ(x−x′) (q = 1, · · · , N−1)
(B7)
We therefore have N commuting canonical conjugate
fields, {ϕc, θc}, {ϕnq, θnq}, generating independent sec-
tors of the Hilbert space. These sectors correspond to a
single charge mode andN−1 neutral modes, respectively.
These results imply that ηc(k) and ηnq(k) are conventional
parafermionic operators acting in the charge and various
neutral sectors, respectively. As in the bilayer case, these
operators do not represent zero-modes as they generate
high energy excitation of the cosine terms in Eq. (7) and
(9).
Below, we will study the Josephson effect experiment
discussed in the main text. We will show that the period-
icity corresponding to the cases δ1 = δ2 = · · · = δN = δ+
and
∑
α δα = 0 can be interpreted as imprints of charge
and neutral sectors respectively.
From Eq. (24), the θ-fields satisfy
K~θ +
1
2
~δ = π~ns, (B8)
in the superconducting regions, where ~δ is a vector con-
taining the superconducting phases in the various layers.
Acting with U on this equation, we get

m+ (N − 1)l
m− l
. . .
m− l




θc
θn1
...
θnN−1


= π


nc
nn1
...
nnN−1

− 12


δc
δn1
...
δnN−1

 (B9)
with
nc = ns1 + ns2 + · · ·+ nsN ,
nnq = ns1 + · · ·+ nsq − qnsq+1,
(q = 1, · · · , N − 1), (B10)
and similarly for δc and δnq:
δc = δ1 + δ2 + · · ·+ δN ,
δnq = δ1 + · · ·+ δq − qδq+1,
(q = 1, · · · , N − 1). (B11)
We therefore obtain
θc =
1
m+ (N − 1)l
(ncπ −
1
2
δc) (B12)
θnq =
1
m− l
(nnqπ −
1
2
δnq). (B13)
Focusing first on the situation in which δ1 = δ2 = · · · =
δN = δ+, we find that δnq = 0 for all q, and δc = Nδ+.
This indicates that the only component of γα(µ) affected
by δS is ηc(µ), corresponding to the charge sector. The
periodicity of the Josephson current in δ+ is given by
4π (m+ (N − 1)l), which indeed corresponds to 4πe⋆/e.
In the case where
∑
α δα = 0, δc vanishes and only the
neutral sectors are influenced by superconducting phase.
For example, if we set δ1 = −δ2 = δ−, δ3 = · · · = δN =
0, the only non-vanishing phase is δn1 = 2δ−, affecting
ηn1(µ). The periodicity of the Josephson current as a
function of δ− is given by 4π (m− l).
Similarly, taking δ1 = δ2 = · · · = δq = δ−, δq+1 =
−qδ−, and δq+2 = δq+3 = · · · = δN = 0, the only non-
vanishing phase is δnq = q(q+1)δ−. In this general case,
the periodicity is again given by 4π (m− l).
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